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Electron Precipitation Pulsations
F. V, Cbroﬁifisand C. F. Kennel
University of California, Los Angeles
kA‘BS’I‘R_f\CT

‘When high fréquenéy wave turbulence is present, low frequency
micropulsations ;an,sttoﬁgiy modulate the high frequency wave
amplitudes, leading té finite ahmiitudeApu]sationé in the loss
rate of energetic electrons from the magnetosphere, micropulsation
_amplituaé ié small. An extremely idealized modelbsuggestsvthat
the precipitation-médulatiOn depends exponentially on the
micrbpuléation amplitude; when the micropulsation period is less

than the electron precipitation lifetime,



I.  Introduction .

-

it hagrbccn popular to rclate the loss of charged particles from the
magégtcsnh;re to the atmosphér; tojpitch angle diffusion driven by microscopic
plasm3~turbu1ence; (Brice, 1963; Andronov and Trakhténgchrts, 1964; Kennel
'fand Petschek, 1966; Cornwall; 1966; Roberts, 1968, 1969; Kennel, 1969.)
‘Thosc theories have generally describcd.tcnporally quasi-steady precipitation.
Hovever, oﬁsgfvcd élcctron p;ecipitation, which is well documented, is
rarely even quasi~steady; cihibiting a variefy of témporal featurcs on
millisccond.to pexhaps thousand second time scales (Anderson, 1968). Less
~is known about the temporél structure of proton precipitation. In this paper
we attenpt a plausible explanation for some of the electron precipitution
ﬁodulations wvhich is within the framework of pitch angle diffusion thcories.
In so ﬁoing, we propose a new, but simple-minded, nonlinear interaction
between wave modes which is stronger than thoséfconventionally discus;cd

in the plasma turbulence literature.

i

The shortest millisecond'to second time scale fluctuations in the
¥~¢1é¢tfon’precipitatiohﬁtaté may well be due to ionosphcric effccts near the
dététfoi (Lﬁﬁpfoﬁ,.1967;Aéér§ihs,'1958). The similarity between the spatial
morphology aﬂd structure of x-ray microbnréts and whistler mode chorus

emissions, poiﬁted but by'RuSSéil, et al.'(1§69), spggests that 1 second structurcc
.préciritétién'is»réiate&:tofthgﬁs%rgéﬁﬁre,in the basic turbulent spectrun
fesponﬁibie for precipitéfioﬁ. Thé‘meéhanism driving'prccipitation pulsations

of periods longer than a’few seconds need not be localized nzar the earth,

and may not depend strqngl} on the structure of the turbulent $pectrum,'since
electrons bounce many times thrqugh the equatorial plane in a pulsation

period, during which time the chorus structure has changed. Hopafully, loug



perlod pUISdLIOHS can be cmnlalned by modulations of averaged pitch angle
dlffus1on pLO”CSSCS, 1h1ch are localized to the equatorial plane.
Quasi-periodic electron precipitation pulsatioﬁs'have a wide range of
time scales.n Various pulsatlons vith periods from 5 to 300 scconds have
been obscrved by Annc , et al. (1963), Evans (1963), Barcus, et al. (1965),
Bafcus, et al. (1968), Parks, et al. (1968&); and reviewed by Brown (1966)
and Anderson (1968), Riometer and béllobn x-ray techniques typically
neasure pr pit ' ion pulsaulons of c]ecurons with greater than 30 keV
energy_ However, auroral lloht ulSO is quasl pC;lOdlcally nodulated,
suggested that precipitation fluxes of lower enexrgy (1-10 keV) electrons
pulsate also (Bclén, et al., 1969) The > 30 keV measurements
indicate thét'precipit tion pulsaunons only occur on an already enhanced
.prec1p1tac10n background (Parns et al., 106Sa), a fact of crucial 1mportance.
In the pulsations, the peak c-to-valley precipitation intensity ratios are
typi;qlly 1.5-3, so that pulsations arve ggz_sméll perturbations upon the
baquroupd'precipitatidn‘rate, another importanfifact. Finally, the péaks
tend to have a harder energy sPechum than the valleys.
051ng grounL—bascd magnet tometers, McPherron, et al. (1968) found that

Cat least those prec1p1tat10n pulsaulons with perlods in the 5-40 sccond
;&ranéc are accomp“nled by maanetic nlcropulsatlons with approximately the same
%perlod as the prec1p1tat10n pUISatlonS. It is temptlno to suggest that many
{low frequency prcc1p1tatlon paléatlons are caused by nlcropulsatlons.
(chevér, Machlui and 0'§rien’(;968) have proposed a different_mcchanish for
50-200 second period precipitation pulsations;) Without good micropulsation
information, if is impossibie to formulate a pfeéise theory of precipitation
pﬁlsﬁtiéns. Therefore, we can at most outline arguménts which indicate that
small amplitude ﬁicropuisations could produce large amplitude precipitation

pulsations.



There are several intuitive difficulties with the hypothesized micropulsatic.
source for precipitation pulsati6ns. Firsﬁ, 5-300 sccond wmicropulsations,
acting alonv, cons€rve the clectroﬁs; first and second adiabatic invariants.
Secondly, it is ﬁnlikely that micropulsation magnetic amplitudes be comparehle
tith the main magnétie ficld in spécc. Furthermore, Parks et al, (1968h) have
~obscrved low freque ency nodulatlons of the energetic electron distributions in
space, but of small amplitude; any associated micropulsation field would then
.heve to be Small. Thus, micropulsétibns“éppear neither fast enough nor strong
=enough tc case plCC|plt tion pU]SGtIOWS.Wltﬂ 2:1 peak- to -valley JnL»nSJty
ratios. However, it is éruciai'that precipitatibn pulsations occur only during
active precipita iion events when the gcner11 precipitation levels are cuhanced.
In the context qf whistlcr turbulence theory, this means that before nicro-
 pul ations can significantly affect precipitation, enhanced energetic clectron
1n3ect10n nust increase the trapped Van Allen electron fluxes above the critical
flux for whistler instabllity. Then, the micrbpulsationé can affect the
prec1p1tat10n rate indirectly, by modifying the'whistler instability.

Consider thc qua 151~ stead) enhanccd electron prec1p1taL1on state \thh
apparontly ex1sts before the onset of electron pulsation act1v1ty Tﬂe electrons
are in pitch anOIG diffusioh equilibrium with (for example) whistler turbulence,
with inj ct 63 of new electrons balence by pitch angle diffusion to the loss
cone and subsequﬁnt prec1p1tat10n loqs. This equilibriwm, a delicate balance
between sources aﬂd sinks- of partlcles and waves, keeps the growth ratc of
whistlers heaf'but'SIiOhtiy above méféinal stability. However, virtually any
small external pﬂrtu“batlon of the clectrons resonant with whistlers, caused,
for instance, by micropulsatioﬁs, éhapges the Whistlcf growth rate. With the
vhistlers already near marginal stability, a lincar change in the growth rate

leads to an exponcntial change in the whistler aumplitude and therefore in pitch



angle diffusion and pTCCJplt"?101 rafc. Conversely, when the vhistlers are
below marginal stability, there is no enhanced precipitation background, and
'mchOPuldeJOﬁs would not markedly affeet precipitation. Thus, we wish-fo
describe a monlinear interaction, thrqugh the resonant particle distribution,
ﬁctwéen low and{high fréqucncy waves whiéh ié exponentially large in the low
frequency micrepﬁlsation aﬁplitudc. This, evPonontlal nonlincority should
dominzte the algebraic nonlinearitie s alnost exclusively discussed herctofore
in the plasma literature. By means of thié interaction, the electron's first
adlabi tic iﬂvéri ant is violated, tﬁough the IlcrO)ulsatuon alone would couscrve
it, and Jarge amplitude precibitation pﬁlsations are possible even wvhen the
micropulsation am%litude is small,
In Section 2, we review a simplified model of the electron pitch angle

di ffusion ecquilibrium; here 6ur understanding, thqugh limited, is reasonably
secure conceptually; .In~Sc;tion 3, we esfimate the change in whistler growth
rate due to an idealizcd.micropulsation perturbation of the electron diéfribution,
in which the micropulsation increases the magne tic field stre ngth sccn-%y

resonant electrons. Other pertﬁrbatiqné would give differences in detail,

but hopefully not in qualitative beha?igf.i.(One complication, which we can
hapdle to a limited QXtent, is that the hddulated whistler turbulence itself,
 throﬁgH_ehhanced pitch.angleAdiffﬁsion, tends to counteract the microPulsétion—
inéuced'distortion of the whistler-resonant electron distribution, therehy
reduc1nw th° net change in the whistler growth rate.) These crude esleatcs

'of the growth rate wodulatlon pern1L 51n11ar crude estlmates of the chgngp

in whlstler amglitude, from which we determine the electron precipitation
pulsation rate, in Section 4. Despite the extremc assumptions nﬂdﬂ, we arrive

at scveral physical predittidns. In,pérticular, the envelope of precipitation

- modulation depends stronoly on the ratio of wave periol to average pitcin angle
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diffusion t;me end upon whether or not the peaks and valleys correspoud to the
strong or veak fitch'qnglp diffpsion raées.’

“¥hile some electrons may be précipitafod by whistlers some of the time,
not all elecérons cain be precipitated by whistlewrs all the tire, Vhile we
'haﬁe phrased the present thgbry in texms of whisﬁler turbulcncg theory, our
discuésion is sﬁfficiently loose'thaf,other pitch angle diffusion theorics
}ééuld bé.stfﬁightforwardly ﬁoﬁificd to include the interaction with low

- frequency waves.



2., Steady Precipitation Stétc
2.1) Ditroduction
Here we review'g grossly simplifisd picture of a stcady state pitch angle
diffﬁéion procesé,_originally.discusséd'by Kennel and Petschek (1965), herein-
after calléd KP. Thé same simplifications will be uscd in describing
precipitation pulsatioﬁS, We pay especial attention, in 2.3, to the distinction
;betweﬁn“strong end weak pitch angle diffusion; since the precipitation rate is
feléti?ely'iﬁscnsitivc to the diffusién coefficient in strong diffusion;

precipitation pulsations will be weak in this limit.

2.2) Diffuéion Equations

Since wﬂistlér waves ought to encounter ;he greatest nuﬁber of resonant
:Sc}pg§rons near the gquatprial plane, and since they may be damped elsewhere
(Keﬁnel and Thorhe, 1967), thé_turbulent‘anCS'are likely to be mést intense
“nmear the equator. We assume that éll wave particle interactions occur in a
unasi¥un§form region at thé'cquator. Since the electrons must bounce many
tiﬁeérthfough the turﬁulent region for {ﬁeidiffusion picture to hold, our
conclusions to_follow.are~1imited_to time scales longer than a bounce peripd.
.Since‘ﬁhistiegs prbpagatiﬁgwpﬁfélie1 to the local magnetic field growlfaster
‘than oblique whistlers, ve éssﬁme that parallel waves characterize the spectrun
at the equétor. ’Hére, pnly.eiéctibhs which satisfy the cyclotron resonance
condition, . ¥, =‘w4Q;/K,finferéct“rCSOnaﬁtly with the tu:buicnt distribution.
w is‘the Qﬁv& freﬁﬁéncy; K the wavc.number, Q_ the electron cyclotron
frequency, and v, the éompongnt of electron velocity parallel to the
maghétic field. A discussion of the effects of oblique whistlers is coantained

:in Kennel and Petschek (1969).



. 1s sufficiently large, cyclotron

When the parallel electron velocity v,
 Yesonance intéractions produce approximately pure pitch angle diffusion. A

steady state.clcctfon dis“rﬁbufion balences pitch angle diffusion to the loss
cone and sibscquent loss to the atmosphere with an injoction source § . If

‘o s - -1 . - '
v is the particle speed and o = cos = v, /v , the pitch angle, the electron

distribution function f£(o,v) obeys

19 Y |
R*ﬁ;’aa ( D(CL) SNy .EJC-: ) = S(G,V) (2.1)

~outside the loss cone. D(a) is the pitch angle diffusion coefficient, to be'
“estimated shortly. Let the cquatorial loss cone be at- O -« Inside the loss

cone, © < o, » ve neglect the source, but include an atmospheric sink:

1 9 i
o 20 T

wvhere the time scale for loss is the quarter bounce time T, . Since averaged

over many bounce periods, f is even in v, , sinilar cquations apply in the
two hemispheres 0 < a 5;“/2, ﬂ/? La<T . ]

"The‘cyclotron resdﬁaﬁéé'condition“§pec§fies only the perallel energy of a
resbnanf7e1ectron.' Thérefﬁré; a giveﬁ wave interacts with electrons of different
total énérgy} 1f fhe‘rééonant’regién igbslightly inhomogeneous spatially, a
‘wave cén'interact with eléctrons of different parallel energies. Finally, a
,given_giéctron can.iﬁfefa¢t‘with diffefeﬁt Cémponents of the wave spectrum at
.:difféfén; places. It is xcgséggb}g,Tthérefbre,‘that,as far’gs Fhe parti;les
éré?cdﬁcé}ned; the effecéive &iffugioﬁ.cocfficient behaves as‘though thé:waves
were quasi—unifbrmly dist:ibutcd in XK . Henceforth, we will n2glect structure

in the vhistler spectrum. For a relatively smcoth wave spectrun,

.eéB,z 1. D, .
D(a) = =% (AKv cosq) ~ = —=- (2.3)

mc
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vhere € is thﬁ'electrnnic chayge in esu, n the electyon mass, and ¢ the

..Specd of 1ightf AX  is the éfféétivg widths of the wave spectzuvm, and B!

is the wéVé anplitude iﬁtegr&tcd 6?efvthe spectrun. |
Equations (2.1) and (2.2) have been solved by KP for the special case

that thc_injcctioﬁ source is concentrated at flat pitches, S(u,v) = S6{u-u/2) .

then ¢ > o,
o

. _ S SUNIPI . ,
. ~-ﬁ;‘{log(51nﬁ/51hao) h(ao)} (2.4)

where h(c) is the solution within the loss cone

oB ~
2 . —
o I, (ao/dﬁgiﬁ)

h(a) = (2.5)
‘where Io’ 12 are‘ﬁesééi functions of imaginary arguﬁent.

.. The diffusion cocfficient involves the waye>en3rg . In principle
therefore we should account for growth £nd déqay following the individual
- ray paths of all components of the turbulent spectrum. However, the wave
energy losscs prbbably all occur aftgr the waves have convected out of the
region of growth. Th@s a schematic equation des;ribing the balance of growth

and loss is

9 .2 . 2
5 BT = 2(y-v) B (2.6)

whqie Y is a "typical”,gréwﬁh rate (defined below), and v is a "typical®
loss rate, which is tho o;dea”af the'gfoqp”valocity'dividéd by the length
of the grawfh region.' Again, we have averaged over all structUré in tﬁe
spectral distribution. |

Y , the "typical" whistler growth rate, is rouahiy

Y = nA (2.7)
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where 1 and A are definsd in KP, Physical}y, n is roughly the fraction
of the total~élcctrcﬁ dis%fiﬁntibn nsar reéoﬁanﬁe with whis?]crs. A is a
measure of tge fesonant-clccfron pitch angle anisotropy. For a two temperatuse
anisotropic Machllign, A =.T¥v-7xl/T¢‘.

In steady state, BB‘zlat must be zero. To maintain a steady state,
~waves nust e-fold a few times in crossing the cquatorial plane tb rake up
fer Josses elsewhere; if .Y < v, there is ndchuatarial whistler growih,
D=0, and the source increases the trapped flux (n) wiopposed by
précipitation until y=v . If y > v, waves e-fold repidly, rapid
precipitationvdecreasés n , and therefore vy , until Yy epproaches v .
Primarily the number of trappéd electrons adjusts until vy = v , since the
anisotrbp} is fixed by the boundary conditions of the diffusion prohlem.

Since (2.3) indicates that D(a) depends dominantly upon B2 s
(2.6) also descriﬁes the.time debpndencc of the diffusion coefficient,

vhereupon,

2.3) Linits of Weak and Strong Diffusion

" The electron lifetime TL is the total number of electrons outside the

loss cone divided by the diffusion flux into the loss cone. Using (2.4)

énd (2-5): 1;/2
[a da sine f{c) h(ao) + 10g(2/eu )
(s} ‘ °
.. _ (2.9)
L D tana §£ D°
o L P
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TI nay also be computed by taking the dircctional flux within thé loss cone,

intcgrating - the Joss cone lelleO by 1 to give the loss rate, aond
nornalizing to Lhe tOLPl 1r?uv’d flux. Fron (2.4) and (2.5), we computc the '

ratio of average divectional flux within the loss cone JP to the averaged
directional tropped flux, Jp » by first computing the omnidirectional

fluxes znd dividing by the solid angle ratio 2/2 . Thus,
; - (6] )

© . o

o
Q> )
ij3dv‘;€i.:‘~__>. o' da' h(o')

J (>Vo)» Y Do' 0

P o 0 . ‘ A . v 2

J T - 1/2 ‘ 2

TCv ) , . o
© [ vsdv_fgglli f da’ sino’ h(o ) + log Zlﬂﬁf °
v Y G and,
. o
(2.10)

or $

J, 2 TB Ty -

3= [h(o ) + log(2/e )] = =~ (2.11)

¢ o T
T o o) L
o
where TL' is defined in (2.9) and ’I‘M = ZTB/aoz , the minimm lifetine,
to be discussed shoruly.
. 'In the ueﬂb dlffu510n 11n1t deflned by o, /Do g © <1 ,,an'eléctron,

_bnce having diffused to the loss cone, is lost on the next bounce to the
atﬁospheré. Wﬁén o 2/D T << 1, h(a”) <<:i and TL is inversely
'LPIOPOILIOH 1 to the dlfthlon coeff1c1ent T = S/D . Singe»increa;g;}in
the knlstler arplltude decreasc the elcctron lifetime, the wﬁistlcr amplﬁtudc
. ¢an adjust so that precipitatién balances iqjection. Since Jp/JT <1,
ftﬁc fluxes in and nocar the loss cone are anisotropic.

‘Phen QOZ/DOTB = 1 , a particle can random walk across the loss cone

‘before it reaches the atmosphere. Not all the particles in the equatoviel



lane loss cone will then actually be precipitzted. ¥hen 0 D 1 > 1
p . J I i B b4

nearly all loss cone particles remain trapped. In this linit, the steady
diffusion pi oo1cm enproecn s one withbut sinlis, for which the only stcady
'solutioﬁ is &n isotropic pitch angle distribution. Since the clectrons then
are eqﬁally p?obabiy'distribpted at all pitch angles, the lifetime is the
quarter-bounce time divided by the prebability that the particle be in the

loss cone (vhich is just the ratio of the solid angle outside the loss coue

to inside), or _TM = ZTB/Ct.o2 . This is clearly the smallest possible

lifetime; at L = 6 , for = 40 keV electrons, it is roughly 200 scconds,

» *

‘Once the strong diffusion liwit is approached, large incrcases in the

-

diffusion coe fficient diminish the prec:pltatlon lifetime only slightly,

Since J /J + 1 , the fluxes necar the loss cone approach isotropy as the

dlffu51on cocfficient increases.

2.4) Summary
In the steady precipitation state precedino a precipitation pulsation
t o :

event,  the sources and 51n15 of parLJcles and waves are delicately balanced.

Pltch angle diffusion to the lbss cohe removes particlés at the rate they are

injected, at the same time ad;ustunn the electron pltcn angle an1sot10py and

»1nten41ty so thﬂt the average wave growth rate bnlances the average wave,

loss ratc..,

In describing this steady state, we arrived at several idealizatioms to

‘be helpfﬁlifbr'the tiﬁe—dependent discussions to follow. Naﬁely, we shall

neglect all structure in the wave distribution and pitch angle diffusion

coefficient, assume that the "typical™ growth rate (2.7) adequately describes

H-

tnc averazed vhistler spectrun, and neglect all dotails of the propagation
* ©- 4 o



and loss of whistler eneryy, luamping all uncertajnty into the effective

convective loss rate v,



3. Modulation of ﬁurbulhnu WhLS'ICi Distribution

sttt e o et

A vave exerts a pevi ibdic force which distorts the particle's velocity

listribution

~

distributions. In particular, a n1c;=wu]sax30n vill modulate the
of electrons resonant with whistlers.. Over part of the micropulsation phase,
the whistler growth rate should increase, Ordinarily, this small increase is

not significant; however, when vhistler turbulence is already presciit, snall

incresses in the already positive growth rate acting on an already cnhancod

- .

wave distribution can produce <Jgnjf1c t .increases in wave energy density.

VWhistler ray paths will also be modificd by the micropulsation, alterin

thgieby the effective loss rate of whistler ehergy. However, it is difficult

to visualiic cases in which_gfowth and loss do not become uvnbalanced; thus

turbulent levels and electron piféh_angle scatﬁering rates should be modulated.
Plthvva ob¢ﬁ”yg§@onsyoﬁﬁmigfgpulgﬁtiqp‘palariz?;ioqg, the. low frequency

wave forces are ill-defined. As'a quall ative illustra tibl, ve considsr

nodel nlcropulqatlon per;urbatlons uhlch modlfy the magnetic field strength

felt by the resonant electroné. For example, the micropulsation could vary

the maghctic field strenoth, ér fréﬁsﬁoft resonant electrons and waves into

an increasing mannetlc f1e1d or both._ In.this hoccl high frequency whistlers

'flnd thenselvcs in a tlme varyln magnetlc field B(t) ,
B(t) = B(1+Db sin ut) (3.1)

wheré_ u% is. the mlcr0pulsatlon frequency, and b <1,

hn now at Lc at to r;l Ly'tcrporal cﬁﬂnnes in the typical whistler grow th

.:ate 2.7,

'dfny _ 3B 3f%nA_ 9344nn
“e Gk - Y +.."f~3t + 3t ] (3.2)
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to B(t) . The growth rate should be modulated sinply becanse the electvon

cyclotron Ircqucncy, the ba<1c scale frequency for whistler processes, changes

[+

s 1

with time. Secondly, the pltcn angle anisotropy might be modified. Thirdly,
because ]Bl _changcs, the total électron density and the resonant elcciron
density should also cha nce. Howéver, n , their ratio, should nct change

as much from this effect. On the other hand, if the loss rate of high encrgy
*élec{rans is madulatéd due to changes in the turbulence level, n will
"&écr¢asc.~ Thus, enhanch:turbulqﬁce acté likc'cdilisions'to relax the
perturbation in the diStfigﬁfion function.' However, it.bannot entirely
counteract the basic porturbation. ‘Many othexr effects cannot be treated
‘within our 9upro.;m ations. For cAample changing \b\ alters the encrgics

‘of electrons resonant with vhistlers; perhaps destabilizjng some waves and
dampihg othéfs’préferentiélly.

In the absence of whistler turbulence, micropulsations w uld conserve at
least the first and secondkelectron adiabatic iﬁvariants. First invariant
conservations 1rplles that T, is proporuxonal to B. Assuming that' T,
does not vary strongly? we may estimate

dnA . ™ 3B _ 1
S s R T

o N »

+ A d&nB
A . dt [ (Su 3)

-8ince the equilibrium A ='%'(KP, 1966), A 1is roughly proportional to 2n B .
The modulétion of the‘ani§otropy vhen whistler turbulence is present wil¥
in fact ‘be srallerithan in its absence, since pitch angle diffusion relaxes
anisotropy changes. |

In steady state, precipitation balances injection, and n is constant,
Hoﬁever, increeses in the‘turbuiént whistler level (duc to micT0pu1§ations)
una ccorvﬁnlc‘ by increases in the injection level, might diminish 1 throuzh

‘enhanced precipitation., However, if the fractional decrease of n in ona
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'

wave period is small, this cfifect will not completely couateract increpses in
A.-. ’ o ‘ *.' ’ -" » E
the growth rate. Let T be the .electron lifetime averaged over a nicro-
- - . ' q'* ‘ . - ) v
pulsation period; when © 1[ >>1 , n will remain reughly constent over
3 .

o
-a wave period. The observation that“thc_peak to valley precipitation rate
ratio jé tﬁo, iyplics ‘TL* N‘TL/Z » S0 that comparison of the micropulsation
eriod with ihc'équilibrium electron lifetime csteblishes the validity of this
 $ma1l relaxatipn‘limit. When _u%ffi* >> 1 , we may drop 9 &n n/at ;
substituting (3.3) into (3.2) implics 2%{-—1 = %i%z}*}i . Integrating
this.equation, ﬁsing (3.1);-and dfoPping tevins of O(bz) s

.Y—(.—t.--.. ::‘ p—- 3 ! " '
v, 1+ x sin uOF (3.4)

where ue have assumed the equilibrium growth rate Y, e¢quals the equilibriua
loss rate v_ .
' o % :
When W TL = 1 a full diffusion treatment is needed to find y(t) .
* - .
When W, TL << 1 the micropulsation slowly modulates the equilibrium
electron distribution. For a rough estimate here, we use the equilibrium
formula for n (derived in KP) to find §~§%}31 = - §_§§}JZ . Substituting
this into (3.2), and integrating,

J1/A D

Y _ [ o
v = B 'ﬁ'(t*)‘- . {3.5)

° 0
Here, tine increases in the diffusion cocfficient.cleariy reduce the modulation
“of Y(i).. |
'In additiéﬁ‘tovéhe above fcla%ation of the growth.ratc'duc to enhanced
precipitation, thexe might be other changes in .Y due to "ripples" in the

pitch angle distribution of scale Aax = /5;75 arising from nonmonotonlic

- pitch angle solutions to the full tiue dopendent diffusion equation.
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These higher modes should have a faster time scale then W, and their

precise d

ctails should vary spatially on scale length of the electron gyyo-
radivs. However, since the observations of precipitation modulation integrete

over many electron gyro-radii, the "ripples' may be smoothed.

I

Time Dependence of Diffusion Cocfficicent

e now solve for D(t) wusing (2.8) with a time dependent growth rate.

Given the crude spproximations leading to (3.4) and (3.5) it is wise to

attach significance only to the qualitative behavior obtained in scveral

limiting cases.
First, we consider the small relaxation limit, where 'wo > D,

Substituting (3.4) into (2.8), and integrating, assuming D = Do at t =0

: 2v_b
D]tl = D0 exp TaiTK (1 - cos mot) - (3.6)

In the small relaxation limit, the modulation of D is exponentially large
in b . This case gives the 1arge§t pregipﬁtation rodulation. Since the
incremsnt of whistler energy created innthc ﬁicropﬁisatio; compression phase
eQUalélthaf reabsorbed in fgé iarefaétibn‘phase, D(t) 1is always greater
than _D0 . Relaxation will gradually decreasg the growth rate and danp the
&iffﬁ;ion}cogfficient mbdulatidns éﬁ ti@e scales of J/D . ,Prcsﬁmably, as
more-aﬁd more éér;itﬁeézgfcxiésﬁ;fﬁo;e aﬁd more waves will sink below marginal
étability, and the whistior ;?céffﬁm‘ﬁill shrink. Should the micropuls;iion
also act as a partiéié injcétion source, relaxation could conceivably be
counteracted to some extent. Finally, iﬁ strdng pitch angle diffusion, the
small relaxation limit ought to apply for all frequencies, since the enhanced

loss of elccirons will be small.
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Now we turn to the quasi-static limit whexe D = B, Since a particle
can diffuse to the loss cone in a wave period, (2.8) must be solved including

the changes in D due to particle losses., Substituting (3.5) into (2.8),

2 .
dropping tcims of ox d°r b” , we find

N

2v D \Y v .1 -'cos u t
D(t) = D+ —r OO ¢ S sinw t - o | B (3.7)
0 oy Jo2 |62 LF " K
‘YO o) fo) o)
If © /v, << 1, then
D(t) =D (1 + Dsinw t) . C(3.8)
o A7 To ) o

.

Here the modulation of the diffusion coefficicnt is only linearly propor-
tional to the micropulsation amplitude, and the whistlcr'amplitude responds
adiabafically to the micropuisation modulation.

In summary, the whistler growth rate should be modulated by a low
freqﬁency micropulsation bcgause the resonant &lectron distribution is
modified. Over part of the micropulsatidn phasé, the growth rate shoﬁlﬁ
inérease. When the wave period is much less than the electron lifetine, .

enhanced prpc1p1L1taon ‘“does not rcmovc many pa7t1c1€s in a wave pcriod

H“TL the glowth raLe is llnearly propor tional to the nlcropulsatlon arpl-ltudc°
The whlstler al @lltUdb 1s ekponcnthlly pr0port10nal to the mlcrOpulsHtxon
éﬁplitudc.l ﬁhen the WaVe period is much longer than the lifetine, the

‘growth Tate médulatidh is-mucﬁ wéékér; since the perturbation is nore

nearly counteracted.by enhanced diffuéion; and the‘whiétlcr unﬁlitunv

depcnﬁs ow’y lirnca rly upon that of the micropulsation.
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.

4. Precipitation Modulation

b'The'sméil loss cone approbriate‘to mahy gcoPﬁysical situations permits
2 éimplc Qﬁpfession for prééipitation quulatéon, found without solving the
full time dependent di ffusion equatioﬁs. Af uo? << D /m0 , the pitch
angle profiles in and near the loss cone aﬁproach the steady state profile,
;ince paiticlés_can randon walk aéroés the loss cone in one wave period,
_Thus the,ratid ofrprecipitafcd_to trapped fluxes,'obscrvcd ncar the carth
at the mirvor pbinfs, will be given roughly by (2.12), with D a prescribed
function of time. This steady-sfate solution is valid only near the loss
conc. . In additioﬂ, e caﬁ only deécribg the ratio of trapped to precipitated
fluxes since the absoiute,flux levels can be affected by variations in the
efféctivé source:sfrengﬂm of particles to small pitches by time dependent
ripples of scale 3ngle'fJ5f7B;. in the distribution function at large pitches.

Assuming that the time dependence of D dominates all others we find

J (t T .
‘_]_p_f_l . Win 4.1

MOBER NG
vhere "TL(t) is the'effeptive eleétron'iifétime assuming that diffusion
continue$ stea&i1y at the instaﬁtanéous féte' D (t) .

We ﬁéf now'disfiﬁgui#hAfou%!séﬁarate precipitation modulation envelopes,
depending'upéh thevbackézound'diffusion rate and the micropulsation amplitude.
Eitﬁérﬁthe backgfounq diffu$ion rgﬁe‘is-weak or’stroﬁg; similarly, the
'haxjmhm diffusion rété céﬁ.bé'wéak.or stréng;;inplying the four combinations

“-isted in Tsble 1.
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" “TABLE 1

Case hvnbcr Mlnlnun lefu ion Rae Ma hLNHﬂ Dirffusion Rate

1.) Weak Weak

2.). feak - Stroag

3.) Near Strong Near - Strong
4.) ~‘Near Strong Strong

The weak-weak case can be calculated casily, since the maximuwa diffusion

rate is still weak, so that TL(t) v 1/D'(t) . Substituting the zewxo

_'relexatlol appr021mation expression for D (t) , (3.6), into (4.1) we find

ARG T [y,
e = e exp | —— (1 - cos v t) (4.2)
Iy (t) 1,00 o | A .

where T (0) is the lifetime at t = 0 ., Sinilerly, the ncar strong-weck
nd near stronc ~strong cases can also be compLLed, since the mininum

dlffu51on rate is erong

J_(t) . ab A va b ( o .5
= - = eXp | - — 1 -cos W .
Jp(t) Do’ Nug I A °

: . 4y :

. 2. . : o . .

- W << .o NI . ations a
uhhere__ao /D o'B 1 Khen ?:TZ;Tib << 1, there are oscillations about

4v

: -0
. When -A—[-z;‘(-)-r b > 1 >

. . o - c2,
the background state Jp/Jt = 1 a, /D Ty

J-p/JT =1 for significant portions of the micropulsation period. Here the
saks of the oscillation awve cllpn "' The weak-stronz case is mixed, with

the valleys behaving like (4.2), and the pﬂﬂks like (4.3), with clipped
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p:ofilcsf AA ;ke§cn of_thgse fQ“",Cvf 3 is hovn in Ll”U ¢ 1.

Ih the quasi—statié_limit of eq. (3.8), the precipitation profile should
vary mofclor less 1inear1y; corre ~ud1rg to slo», relatively small emplitude
swells of lhe ‘background precipiﬁation rate. |

Assuming thgt any tims_d‘pvu t ripples in the pitch angle distribution
spatially average out and, in the zcrb relaiatioﬁ'limit; that the trapped
flux is ?inO)?ﬁxte1y conJLcnt>over one micropulsation period, (4.2) describes
_J§hp &ggnl tude of ihb pr etipitation flux in the wcak~we§k case. We czn then
renormalize (4.2) to the background precipitation rate, JP(D), and taking

the logarithm of both sides we have

ARG, 2v_ b
log| 5Pt | = ——— (0 - cos v 1) . (4.4)
POl °
P W,

Lég Jp(t) sinusoidally varies with a positive‘dcfinite time‘depcndencc,

1 - cos w,t - This behavior qualitativelyragr;cs with observations by
‘Parks et al. (1968). |

Fe now estimate b by taklng a typlcal peak to valley ratio

Jp(w?/Jp(O) ~vZ o, a background whistler growth rate Yo nvol rad/scc s

A~ f/é'; and a micropuiéafién wa§e pefiod of 10 seconds, to find b v .02 ,
”Thué the physical statément'thét when the whistler noise and electron
’dlstrlbULlon are in dlffu51ow cqu111br1um, a small distortion of the eicctron
.dlStleUclOﬂ can producp larae cha nnus in the whistler amplitude and
érécﬁpitet onira‘e app“arq self—cons:stent A direct comparison with -
.obSéTQations is diffi¢uif. Forvex5mpie, an absoluuely rc11 able ground based
-magnetozeter measuvrement of micropulsation amplitude'would not yield the

amplitude in space, because for instance, attenuation in the ionospherc and

at the ionospherc-neutral atmosphere interface is difficult to estimate.
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Morcover, the mode structure along the lines of force is not known, so that
the anwlitpde at the top of the ioﬁosphere,cannot be directly rclated to
that in the Equﬁtb?iai plane where whiétlcr wodulation oceurs, Similarly a
satcllite measurement of micropulsations in space would not necessarily
relate to precipitation pulsations vnless corrclated modulations of the VLE

“spectrum were also found,
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“We summarize our physical arguments, comparing them with ohservations
_wherc possible. Our arguments are far from rigorous, and suggest only

~ that large precipitation pulsations could be caused by swall micropulsations.

(1) At disturbed times, enhanced injection increascs the trapped electron
| fluxes above the critical flux for pfecipitation instebilitics., Wé
have considéfeabwhistle: instabi}ify as an cxamplé.
(2)v A diffﬁsivé-cquilibfium is éstablishcd, in &hich Qﬂistlcrs scatte;_
- electrons into the atnospheric loss cones at the rate they ave

ae

.injected, and the vhistler growth rate from cquatorial resonant electron

interactions balances wave losses from convective propagation,

. .

(3) More than onc’instaﬁillty is likely to cccur at disturbed {imé.. #or'
instance, in addition to the high frequency whistler turbulence
driving particle precipitgtion, low frequ&ﬁcylmicropulsations are also
enhanced at disturbed times (Coroniti et ai., 1968).

(4) ‘The low frequency oscillations perturb the diffusion eqﬁilibrium by
distqrting'the‘reﬁonant electron dggtfibution-and modifying the’
whistler raY'péths,_ When the ffequcncies différ greatly, as for
mitf0p61§étions and wﬁistler‘fhrbuience, this interaction is physically
“;iédéliiable. Tﬁe mic?gpulsatibn adiabatically modulates the velocity
diétfibﬁtién of thoéé éléctron; resonant with whistlers. This velocity
space distcrtion.éhanées'thé thstle:'growth rate, which depends upon
“the reSondnt éiecfroh"distribution. On fhe other hand, the increased
whistler turbulence which follows from the increases in the growth

‘rate acts like collisions to relax the micropulsation modulation.
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However, this~relaxatioﬁ can never completely counteract the micro-
pulsation pcrtufbatidn, so the whistler growth rate should always be
modulated at least somewhat by micropulsations. Only when the whistlers
are élready unstable can small changes in their growth rate lead to
large changes in their ampiitude. Thus precipitation pulsations should
occur only superposed on an already enhanced precipitation background,
in agrecement with observations by Parks ct al. (1968a).

(5) If the micfgpulsation period is much shorter than the precipitation
lifetime, only a small fraction of the electrons can be precipitated
in a wave»per@od, and the unrelaxed growth ratc modulation is large in
this limit. The modulation of the whistler amplitude is cxponcntially
large in the micropulsation. amplitude., S8ince the mininun lifetime is
a few hundred seconds on auroral lines of force, large whistler
modulations ought to be found only in the 3 - %'300 second period range.

(6) If the micropulsation period is comparable Qith electron lifetine, the
modulations of the whistler intensity should{ﬁe only linearly proportional
to the micropulsation amplitude.

(7) Pulsations of ‘the wﬁistler amplitudes in space produces electron
ptécipitation puléétibﬁs.‘ McPherron et al, (1968) have correlated
precipitation puisafions‘with‘Pcz and Pc3 micropulsations.

(8)- Unlike the whistler amplitude modulations, precipitation pulsations
should héve‘é ya:iety of iempora1 envelbpes depénding upon the strength
of the pitch‘ahgic diffusion'rate, and upon the micropulsation frequency.
The lérgest'pulsations should occur whehvthe minimum pitch angle
diffusion ratc is weak, and when the micropulsation period' is much
shorter than the electron lifetime. Even here, however, there are two

distinct cases. Either the maximwn diffusion rate is weak, in which
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' (10)

‘reduces the dlfxu ion coefficient sufficiently that the preccipitation

Trate fhliq C\p“nﬁ1t181ly be ow s*%ung diffusien to its ba
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-

td

se tho p“a luituﬁion-is cxponcntially modulated wi

)

.or,the maxi i diffusion Tatc is‘strong, in which casc the precipitation

1

profile is clipped. During the m1cropu1 atlon coipression phase the

-

precipitation rats exponcntiates to 1ts'st"ong diffusion maxinmum,
hhcrevpon it stays constant, until the mic10pulsa110u decompression
ckground week
diffusion rate., This cycle rcpeats. When pitch angle diffusion is

always strong, increases in the diffusion cocfficient do not increase

‘the precipitation rate. Hore, relaxation of the micropulsation

.

perturbation should be small for zll micropulsation frequencies, and

vhistler amplitude modulations could be large even at low frequencics.

However, these modulations would not eppear in the precipitation.
s PP _ P

Finally, when the micropulsation period and weak diffusion lifctime
_ Y P P

* .

are comparzble, precipitation pulsations should be weak.
Several features of the pulsation envelopes described by Parks et al.

(19682) may be consistent with the ideas presented here, in particular,

_xthe_sinusoidal time dependencé of the logarithm of the observed x-ray
vflﬁ;é;:a_Theié is & Sﬁggéﬁgioﬁ>éf a clipped prccxpltatlon pulabtlon in
 their figure 4.

Since 101 enerny’partiéiés hﬁ?e léfger fluxes than high encrgy particles,
:Jthey arc norn 11 ely to be stronnly unstwhle and in strong diffusion.

In this case, prec1p1ta;10n modulation xould be most prowounced in

higher éngrgy channels. At the very highest encrgy channels the

particles are not sufficiently numerous to be unstable in the first

place. The high energy particles precipitation might still be weakly

& smooth profilc,

i
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modulated duc to poresitic efilects discussed by Kennel end Petschek

(1969). These encrgy considerations are summarized in figure 2,

Experimental correlations between enhanced whistler (or other high

[~2

frequency) noisc and micropulsations are necded to test these ideas.

Helliwell (1965) has described quasi-periodic VLF emissions with

periods similar to those of micropulsations and precipitation

pulsations, ond has already suggested that hydromagnetic modulation

-of the basic VLF sourcc might be responsible.
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.u:Figpxg_Captions

Possible Precipitation Pulsation Lnvelopes.

The logarithm of the ratio of peak to valley precipitation

fluxss, log_Jb/Jv , has a time envelope which depends upon the

strength of the pitch angle diffusion ratc and uvpon the strength

-of the micropulsation pexturbation. The four cases, swanarized

-in Table 1, are sketched here.

Schematic Energy Dependence of Pulsation Amplitudes,

1f -low energy fiuxcs are on strong diffusion, they will
have weak pulééﬁions; intefmediate‘encrgy electfons‘(here
chosen arbitrariiy to lie bétwcen 10 andzlﬂz keV) could be
vnstablg, but on_weak_diffusiog;.these will have strong
pﬁlsationé. AFinally; hiéhvenergy electrons could have weak

pulsations due to parasitic effects (Kennel and Petschek, 1969).
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